TURBULENT WALL MOTION OF WEAK POLYMER SOLUTIONS IN SMOOTH PIPES

F. G. Galimzyanov UDC 532.5:532.135

It has been determined experimentally that the addition of a soluble polymer imparts
additional properties to the turbulent motion of a liquid. The most significant new prop-
erty is a reduction in the viscous friction (drag) of the solution. An analysis of the ex-
perimental results [1-4] shows that polymer molecules diminish the turbulent viscosity of a
weak polymer solution in comparison with the turbulent viscosity of the ordinary liquid.
The mechanism responsible for the change in the turbulent viscosity can be explained by the
tendency of the polymer molecules to decrease the intensity of longitudinal and transverse
velocity fluctuations in the turbulent core of the flow.

It is generally known that minute polymer additives to a liquid do not affect the prop-
erties of laminar flow. It is reasonable to assume, therefore, that weak polymer solutions
will not directly affect the viscous sublayer. The thickening of the viscous sublayer [1, 5,
6] can be attributed only to the secondary influence of the turbulent core on that sublayer.
This effect takes place because a new equilibrium between the reduced Reynolds tangential
stress in the flow core and the tangential stress at the boundary of the viscous sublayer
is created by the thickening of the sublayer.

Consequently, the model of the turbulent wall motion of weak polymer solutions is en—
visioned as comprising a viscous sublayer having the physicomechanical properties (transport
coefficients) as the main liquid, plus a turbulent core with diminished turbulent transport
parameters due to the presence of the polymer molecules. Linematic and dynamic coupling
. exists between the viscous sublayer and turbulent core. This coupling is nonsteady, but in
experimental work the kinematic parameters are averaged over space and time.

The adopted model of turbulent motion permits us to use the Boussinesq equation with
consideration for the influence of polymer additives

L p(14 k)2, &8

where T is the tangential stress, M is the dynamic molecular viscosity coefficient, up is
the dynamic turbulent viscosity coefficient of the ordinary liquid, and B is the coefficient
of influence of polymer additives on turbulent motion. This result is equivalent to the as-
sertion that the dynamic coefficient of the viscous sublayer has ostensibly increased over
the value for the ordinary liquid, because for weak polymer solutions B < 1.

The expression for the kinematic turbulent viscosity vT of the ordinmary liquid can be
written in the form vr ~ VRe, where v is the kinematic molecular viscosity coefficient and Re
is the Reynolds number. The flow regime changes when vr = v, i.e., when Re = Recr, where
Recr is a critical value of the Reynolds number. In this case the expression for the
kinematic turbulent viscosity takes the form

vp == vRe/Reqr = AvRe.

This expression is very well substantiated by published experiments, in particular, the data
of I. Nikuradze [7], which after suitable processing yield values of A = 0.0003906 and Re;y =
2560 for fully developed turbulent motion.

The variation of the kinematic turbulent viscosity along the radius of the pipe can be
estimated on the basis of dimensional considerations. The tangential stress for the turbulent
core is

Tr ~ pAd Re, du/dr = t(1—7),
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whence
To (1 —_ ;)
“p “dujdr’ (2)

vy = AvRe, ~

where Rey is the local Reynolds number, 1, is the tangential stress at the pipe wall, r =
r/ro is the relative coordinate, and ro is the radius of the pipe.

On the basis of the dimensional considerations we can form a single combination with
the dimensions of velocity gradient:

du To 1

— —_—

ar p T

Substituting the latter relation into (2), we obtain

ANR%'vVaﬁii—ﬂr

°or ve = vARe, = vRe, (1 — rTr.—

Considering the fact that vr = 0 for T = 6 we represent the variation of the klnematic
turbulent viscosity along the radius in the form

= v[Rex(1 — N(r — §)1, 3)

where Rep is the basic Reynolds number corresponding to A = Recr = 1 (to be defined below)
and § = §/ro is the relative thickness of the viscous sublayer.

Substituting the value of (3) into (1) and making a simple transformation, we obtain the
equation

T———[iﬂ-Rehﬁ(r—G)(i-—-r)]—' (4)

subject to the following boundary conditions: du/dr = 0O and u=U at r = 1; u =y at T = 8,
where U is the maximum velocity and uj, is the velocity at the boundary of the (laminar)
viscous sublayer.

Equation (4) can be solved in two variants: 1) constant tangential stress equal to the

tangential stress T, at the pipe wall; 2) tangential stress dependent on the radius, i.e.,
= £(r).

For the first variant, ignoring the viscous sublayer, we obtain from expression (4)

- -y du
T = %[RehG——é)(i—r)];.
Inasmuch as T = 1o(1 ~5;) for a circular pipe, the foregoing expression takes the form
To=~E-Rek(;'—8) d—?—-
To ar

If we now take into account the presence of the viscous sublayer, the equation of motion for
the first variant assumes the form

%= g5 [1+8(—8)Rey] 2.
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After integration and transformation we obtain (u = U at r = 1)=*
1 14 BRe, (r— )
u=U+——(U-—vln[—’f———_— 5
Yo ) 1+BRe, (1—35) J' 5
where
1 ToTo
% — BRe, (U—0) (6)

and v is the mean velocity. The velocity scale is the velocity difference U — v.

For large Reynolds numbers (BRey >> 1) the thickness of the viscous sublayer tends to
zero in the limit. From the flow-rate equation

i
v=2[u(t1—7)dr
0

we find the value of the coefficient ¥y = 1.5. In this case the equation (5) for the veloc-~
ity distribution takes the following form at large Reynolds numbers:
' u=U =+ @B)U — v)nr. (7)

From expression (6) we determine the tangential stress at the pipe wall:

U—-v
=

2
T, =7 R Re, —

The equation for the tfrictional drag between two cross sections of a circular pipe with a
distance I between them is written (with regard for the fact that Ap/l = 27o¢/re) in the form

AP 4 U—v
AP _ 4 Re, Tz (8)
1 3 2
Since the velocity scale is the velocity difference U — v, we have

Rep = (U — up)ry/iv,
where uy is the characteristic velocity at the characteristic radius ;k.

The quantity pRex in (8) is the weighted-mean dynamic turbulent viscosity coefficient
over the flow domain and is determined from the relation

. T (9)
InRe, (T—vp

Solving relations (8) and (9) simultaneously, we obtain the relative radius ¥k at which the
instantaneous flow velocity u is equal to ug:
r, = 0.8666...

Inserting into Eq. (7) the values of u = v at T = ;v and u = up at T = ;k’ we obtain the
following relation between Reyp and Rey:

Rey = — In ;k U—v)r, %z Re,. (10)

*See Galimzyanov [10] for the case B = l.
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Substituting the value of Rey into (8), we obtain

The frictional drag coefficient referred to the fundamental turbulent-flow parameters
(HRey, U — v, To) is

Substituting the values of Xy = 1.5 and Xk = —1n 0.8666 = 0.1432 into the latter expression,
we obtain the value

f=0.12729,
which corresponds very well with published experiments [7].

We now return to the equation (5) for the velocity distribution of weak polymer solu—
tions at arbitrary Reynolds numbers. The coefficient Xy is determined from the condition
that u = v (mean velocity) at r = r:

1+ BRe, (r,—8)
= —lpl— T hR\v (11
Ko n[ 14 pRe, (1—35) |’ an
and the coefficient xy is determined from the condition that u = uyp at ¢ = ;k:
yo = —1n | LEERe (5 =8) | (12)
14 BRe, (1—19)

The tangential stress created at the pipe wall is found from expression (6) with con-
sideration for relation (10):

U—v
% = - uRe, 7. (13)
L4

Here the coefficients Xy, and Xy are given by expressions (11) and (12), respectively.

For a linear velocity distribution the tangential stress at the boundary of the viscous
sublayer is given by the expression

n =2 C20, (14)

Equating (13) and (14) with regard for expression (10), we obtain an equation for the
relative thickness of the viscous sublayer:

8 = 2,/BynRe, = 2y,/BRes, (15)

from which it follows that the thickness of the sublayer ihcreases with polymer additives,
since B < 1. This result is fully consistent with the published experimental results [1-4].

All the parameters of the investigated turbulent motion depend in some degree or other
on the coefficients xy = f(Rek, ry, §) and xx = ?(Rey, ry, §). For large Reynolds numbers
the coefficients y, and Xy and the radii r,, and ry tend to constant values. Here the thick-
ness of the viscous sublayer is small in comparison with the radius.
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Calculations show that

_ . (1-4-02231B Re,
% = —1n (__?f¥1?§32__), (16)

where the coefficient ;§ = 0,2231 corresponds to large Reynolds numbers.

For the coefficient Xy we obtain the expression

= —ln (), - @

in which ;k = 0.8666 corresponds to a very large Reynolds number.

Graphs of Xy = f(Rex, B), Xk = ¥ (Rex, B), calculated according to (16) and (17), are
given in Figs. 1 and 2, in which the curves are numbered as follows: 1) B = 0.1; 2) 0.2; 3)
0.4; 4) 0.6; 5) 1.0.

In the theory of wall turbulence [7] the velocity scale is interpreted as the dynamic

velocity
ve =V Tolp.

The relationships between the various scale velocities are determined from expressions
(10) and (13) and have the form

Ve = XA)U — v); (18)
1
Uy = 7(U —uy) or Rey = yvure/v=yRe,, - (19

where
%=V % 20)

At r = § the velocity distribution described by Eq. (5) merges smoothly with the velocity
distribution of the viscous sublayer, where u = uj. Substituting these conditions into Eq.
(5) and adopting the dynamic velocity vx as the velocity scale, after transformations with
regard for relations (18)-(20) we have

oo = = In[L+ (B Rey (F — )] + <L, (21)
The velocity at the boundary of the viscous sublayer is given by the expression [8]
u fv, = Bv/v.
Making use of relations (10) and (15) and carrying out appropriate transformations, we obtain
uplv, = 2%,/Bx- _ (22)

Substituting the values (22) and (15) into Eq. (21), we obtain the final equation for the
velocity distribution in universal coordinates:

2Lt + prRess —21,) + 222, (23)
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A comparison of Eq. (23) with the Prandtl—Karmin equation [8] in the semiempirical
theory of wall turbulence indicates that the coefficient yx is nothing other than the Prandtl—
Rérmin coefficient. For weak polymer solutions X is determined analytically from (20) or

the expression
1+ 0.8666f Rs, (24)

It is evident from expression (24) and Fig. 2 that the Prandtl—K4rmin coefficient de-
pends on the Reynolds number and on the coefficient of influence of polymer additives on
turbulent motion, B.

The influence of the polymer additives (for B = const) on the coefficient y is signifi-
cant for small Reynolds numbers and is practically nonexistent for large Reynolds numbers.

The value of the coefficient B depends on the concentration of the polymer solution and
its type (polyacrylamide, polyox, etc.) [9] and in the absence of degradation does not depend
on the motion of the solution. For prolonged circulation of polymer sclutions and large
Reynolds numbers there is a gradual lessening of the drag reduction (i.e., an increase in
the coefficient B).

The second component of (23), which is described by expression (22), characterizes the
viscous sublayer and, as is apparent from Fig. 3, tends to a constant value as the Reynolds
number is increased, but that value covers a wide range of variation with B.

Figure 4 gives the velocity distribution calculated according to (23); it concurs very
well with the experimental data [1-3].

For turbulent motion of a weak polymer solution the frictional drag is determined from
expression (13) on the basis of the equilibrium condition
U—v

Ap Xz :
7= Tgp,Be,, o (25)

0

The coefficient of frictional drag referred to the fundamental turbulent—flow parameters
in a circular pipe is

f=252%2.

The dependence of the frictional drag coefficient f on the coefficient B is conspicuous
only at small values of the Reynolds number. For large values of the Reynolds number (ir-
respective of the value of B) the frictional drag coefficient tends to a constant value f =
0.12739; see Fig, 5: 1) B = 0.1; 2) 0.2; 3) 0.4; 4) 0.6; 5) 1.0. 1In the adopted fundamental
parameters the frictional drag coefficient f of weak polymer solutions for small Reynolds
numbers becomes greater than for the ordinary liquid, i.e., the drag-reduction effect ob—
served experimentally should, it seems, not take place. This apparent contraduction is re-
moved by analyzing the variation of the ratio between the mean velocity v and the maximum
velocity U.

At r = 1 we have u = U, so that from (23) we obtain an equation for the maximum velocity
in universal coordinates:

144 1
o=+ 18Ry — 24 - 222]. 26)

It folloﬁs from expression (18) that
(U —v)v, = y,/%. 27)

Solving Eqs. (26) and (27) simultaneously, we obtain an equation for the variation of the
mean velocity in universal coordinates:

v 1 " 2 \
2 — Lt + prRe, — 26 + (£ —1)1,). 28)
The ratio of the mean to the maximum velocity has the form
v %
T =1- * . (29)

In (1 4 By Re, — 2, -1-2}51
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It is apparent from Eq. (29) and Fig. 6 that as the coefficient B is decreased the value of
the mean velocity approaches the value of the maximum velocity, and the difference U — v in
(25) decreases. As a result, the absolute value of the frictional drag for weak polymer solu-
tions becomes less than for the ordinary liquid. The curves are numbered as follows in Fig.
6: 1) B =0.1; 2) 0.2; 3) 0.4; 4) 0.6; 5) 1.0.

In engineering calculations the frictional drag is expressed by the equation
i
Ap=),2—r-o-p_§-, (30)
in which A is the coefficient of frictional drag.

Equating expressions (25) and (30) and carrying out transformations with regard for
relations (26) and (28), we obtain

h=8 X 2
[ln (1 -+ Bx Rey —2y,) +(% —1) Xu] Gn

It follows from Eq. (31) that the frictional drag coefficient for weak polymer solutions is
less (for B = const < 1) than for the ordinary liquid; see Fig. 7: 1) B = 0.1; 2) 0.2; 3)
0.4; 4) 0.6; 5) 1.0.

The analytical relations derived above agree quite well with the experimental data [1-3].

The solution of the second variant of Eq. (4) yields the following expression for the
velocity distribution:

_ . o N (M.,+z‘r—1—3)(Mo+‘6—1)]}
u_U+§§(U_U){ln”+ﬂBe"(r O =nl+ 57 ln[(Mo—z‘r+1+3)(Mo—'8+1) ’ G2
where Mo = Y (4/B Reg) + (L —73) %
%o = — --{ In (1 + 047335 Rey) + - In[H 0G0} (33)

where M = V(4/8B Rey) +1. The coefficient y, is determined from Eq. (32) for T = x, = 0.2231,
where u = v. - )

The velocity distribution in universal coordinates for turbulent motion of weak polymer
solutions in a hydraulically smooth pipe is obtained from Eq. (4) and has the form

w1 mvm w4y (M5 —F—1) (My—B5—1) (34)
i 2x{ln“+ﬁxﬂe*(1 N= o+ ln[(Mo~2"r+‘6+1)(Mo+3—1)]+4x"}’

where y = /;—.

The coefficient xx is determined from (32) forr = ;k = 0,.8666, where u = v, and it has
the form

(M 4 0,733) (M — 1)]}. , (35)

1 1
" = —T{In(i + 0.4455p Rey) -+ = 1n[(M_0.733) T

Equations (32) and (34) describe the velocity distribution over the entire range of vari-
ation of r from O to 1. On the pipe axis, i.e., at r = 1, the condition du/dr = 0 is satis-
fied. Calculations show that for large Reynolds numbers Eqs. (32) and (34) differ only very
slightly from Eqs. (5) and (23) and in fact the difference is perceptible only close to the
pipe axis. The values of the coefficients xy and xx calculated according to (33) and (35)
differ inconsequentially from the values calculated according to (16) and (17). The dif-
ference here is perceptible only for small Reynolds numbers.

For the frictional drag coefficient A we obtain the expression

2

M= TS s ne 2 ’
41— o— 041 (____1
M, 1”(M,5+5—1) T2 \p )

which differs only very slightly from Eq. (31).
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NUMERICAL SOLUTION OF THE TWO-DIMENSIONAL PROBLEM OF DIRECTED
CRYSTALLIZATION

V. P. I1'in and L. V. Yausheva UDC 518.3

In [1-4] mathematical models of the process of directed crystallization were constructed
and investigated in a one-dimensjional approximation. However, these models do not explain
such experimentally observed phenomena as the inhomogeneity of the distribution of an impur-
ity over a transverse cross section of the ingot. To clarify the structure of the concentra-
tion profile, the present article considers a mathematical model of the process of directed
crystallization in a two-dimensional approximation, taking account of diffusion in the melt.
Integral balance relationships are used to construct two difference schemes and to obtain
evaluations of the error of the difference solutions. On the basis of numerical calculations
an analysis is made of radial inhomogeneity for different configurations of the crystalliza-
tion front, depending on different values of the crystallization rate v and the equilibrium
coefficient ko [5].

We assume that the thermal characteristics of the substance depend only slightly on the
concentration of the impurity and that the diffusion coefficient depends on the temperature.
The problem of the redistribution of the impurity can then be considered separately from the
thermal Stefan problem, assuming that the configuration of the front at every moment of time
z = z(r, t) and the rate of displacement v are known.

We consider an ingot of cylindrical form of radius R and finite length Lg. The inter-
face between the two phases and the boundary conditions are assumed to be symmetrical with
respect to the axis. We shall assume that the principal mechanism of mixing in the melt is
diffusion. Then the distribution of the concentration of the impurity in the region z(x,
t) <z < Lg (0 <r < R) obeys the diffusion equation

du D 8 du 0%u 1)
airar: (r.éT) Dox
and the initial condition
u(r, z, 0) = u, = const,

Novosibirsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnichekoi Fiziki, No.
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